Abstract. The propagation of the heavy quarks produced in relativistic nucleus-nucleus collisions at RHIC and LHC is studied within the framework of Langevin dynamics in the background of an expanding deconfined medium described by ideal and viscous hydrodynamics. The transport coefficients entering into the relativistic Langevin equation are evaluated by matching the hard-thermal-loop result for soft collisions with a perturbative QCD calculation for hard scatterings. The heavy-quark spectra thus obtained are employed to compute the differential cross sections, the nuclear modification factors RAA and the elliptic flow coefficients v2 of electrons from heavy-flavour decay.
Introduction
The aim of the ongoing heavy ion programme at RHIC (with Au-Au collisions at √ s NN up to 200 GeV) and of the recently started programme at LHC (with the first Pb-Pb collisions at √ s NN = 2.76 TeV) is the creation of a deconfined system of quarks and gluons, with a lifetime sufficiently long (a few fm) to allow measurable signals to show up. The challenge is not only to establish the formation of the deconfined phase, but also to study the properties of the produced medium. Among the most interesting observables investigated at RHIC, perhaps, there are the quenching of high-p T hadron spectra, expressed through the nuclear modification factor R AA (p T ) [1, 2] , and the azimuthal anisotropy of particle emission in the transverse plane, quantified by the elliptic-flow coefficient v 2 [3, 4] . The asymptotic value R AA (p T ) ≈ 0.2 found at high p T indicates that the matter created in the heavy ion collisions is very opaque, leading to a sizable energy loss of the few high-momentum partons produced in the initial instants of the collisions by hard processes. The latter are describable in the framework of perturbative Quantum Chromodynamics (pQCD). Furthermore, the elliptic flow observed in semi-central collisions seems to find a natural explanation within a hydrodynamical description of the medium, displaying an expansion driven by the pressure gradient: the latter, resulting larger along the reaction plane, leads to the azimuthal anisotropy of the transversemomentum spectra. Notably, the large value of v 2 found in the data, besides supporting the hydrodynamical behavior of the created matter (entailing a mean free path λ mfp much smaller then the system size L), requires also a quite short thermalization time (τ 0 < ∼ 1 fm). R AA and v 2 have recently been measured also by the ALICE detector at LHC for unidentified particles [5, 6] .
These two observables (R AA an v 2 ) have been initially studied for the case of light-flavour hadrons (pions, kaons, protons, ...), arising from the hadronization of gluons and light quarks. In this context, the quenching of hadron spectra has been attributed to the energy-loss of hard partons due to the radiation of soft gluons (ω ≪ E hard ) occurring in the presence of scattering centers (the plasma particles). Different theoretical approaches have been proposed [7, 8, 9, 10] , all stressing the importance of coherence (LandauPomeranchuk [11] and Migdal [12] ) effects for large enough formation times of the emitted gluon, so that τ form > ∼ λ mfp .
If the soft-gluon radiation were the only mechanism responsible for energy loss, one would expect heavy quarks (c and b) to be much less quenched. Characteristic effects occurring for massive particles are the suppression of collinear gluon emission for angles θ < ∼ M/E (dead cone effect [13, 14] ), the shortening of the gluon formation time and the suppression of the radiated gluon spectra at large energy [15] . Furthermore, while light-hadron spectra get contribution from the fragmentation of partons belonging both to the fundamental (quarks) and the adjoint (gluons) representations, heavy-flavour electrons arise only from the decays of c and b quarks. Hence, the associated Casimir factor C F (smaller then C A of the gluons) should entail a larger mean-free-path, resulting in a lower rate of gluon radiation. However, single-electron spectra (resulting from the semi-leptonic decays of D and B mesons) measured by the PHENIX experiment at RHIC show a similar level of suppression as the one found for light hadrons [16, 17] (a similar analysis is being performed by the STAR collaboration); moreover, they also display a sizable elliptic flow.
These findings hint at reconsidering the importance of collisional energy loss. Calculations of the stopping power of the quark-gluon plasma (QGP) for heavy quarks due to elastic collisions can be found for instance in Refs. [18, 19, 20] .
An appropriate tool to study the final spectra of heavy quarks, after their evolution in the fireball created in the heavy ion collisions, is given by the (relativistic) Langevin equation, which relies on the picture of many uncorrelated random collisions [21, 22] . This approach -pursued by solving either the Langevin equation or the corresponding Fokker-Planck equation -has already been explored in the literature [23, 24, 25, 26, 27, 28] and will be the one addressed in this paper. Solving the Langevin equation requires as an input the knowledge of a few transport coefficients, accounting for the interaction of the heavy quarks with the medium: indeed, in this framework, the latter gives rise to a friction force and a momentum broadening. The various calculations available in the literature [23, 24, 25, 26, 27, 28] differ mainly in the way they estimate the above coefficients, either inspired by pQCD or within less conventional scenarios (assuming for instance the existence of resonant states in the plasma [24] or the AdS/CFT correspondence [26] ). In all the cases the freedom of tuning some parameter allows one to explore more/less strongly coupled regimes.
However, before looking for alternative explanations, it appears important to have at hand a fully consistent weakly coupled calculation, to check how closely the experimental data can be reproduced within a perturbative picture and how much room is left for more "exotic" scenarios. This is the major goal of our paper, in which we provide a microscopic evaluation of the heavy-quark transport coefficients and we use them to solve the Langevin equation for c and b quarks that are produced in nucleusnucleus collisions and are let propagate randomly in the resulting deconfined medium. Our calculation relies on the separate treatment of soft and hard collisions. The first ones, mediated by the exchange of long wavelength gluons, will be described within the Hard Thermal Loop (HTL) approximation, which resums medium effects. Hard collisions, involving a high-momentum exchange, will be calculated in kinetic theory, employing leading order pQCD matrix elements [29] . The two contributions will then be summed up. Once the transport coefficients have been calculated, we can address the numerical solution of the Langevin equation, given suitable initial conditions and a background medium.
The initial heavy-quark pairs are produced using the POWHEG package [30, 31] , a hard event generator for heavy-quark production in hadronic collisions, which implements pQCD at next-to-leading order (NLO). Since it generates events, this code is particularly suitable for a Langevin simulation. Care is taken to allow also for shadowing and transverse momentum broadening effects. Once created, the heavy quark is allowed to propagate in the hot medium according to the Langevin dynamics, with transport coefficients calculated as mentioned above. The evolution of the background medium is described by two [35, 36, 37] hydrodynamics, in order to estimate the dependence of our results on the hydrodynamical scheme. Around the phase transition energy density the c and b quarks are made hadronize (at the moment, for the sake of simplicity, only through fragmentation) and then decay to electrons, to allow for a comparison with the existing experimental data from RHIC for open heavy-flavour electrons. Results will be presented for the invariant yields, the nuclear modification factors and the elliptic flow coefficients at the kinematics of both RHIC and LHC. For the latter we have chosen the highest center-of-mass energy that the heavy ion experiments should be able to reach, i. e. √ s = 5.5 TeV. Preliminary results have already been presented in Refs. [38] .
Our paper is organized as follows: in Sect. 2 we introduce the theoretical tools employed in generating the heavy-quark spectra after a high-energy heavy ion collision, examining all the steps of the process, from the production stage, through the hydrodynamic evolution, the Langevin propagation, the calculation of the transport coefficients, up to hadronization and decay; in Sect. 3 we present and discuss our findings for the differential spectra, the nuclear modification factor and the elliptic-flow coefficient; finally, in Sect. 4 we sum up our conclusions; some more technical material is deferred to the Appendices.
2 Theoretical framework 2.1 Heavy-quark production in pp and AA collisions For every experimental setup (either pp or AA at √ s = 200 GeV (RHIC) and √ s = 5.5 TeV (LHC)) we have generated 4.5 × 10 7 heavy-quark pairs (either cc or bb) using the POWHEG event generator [30, 31] , which implements pQCD at NLO.
There is considerable uncertainty in the QQ production cross section, due to uncertainties in the quark masses and in the renormalization and factorization scales. Here we have chosen m c = 1.5 GeV, m b = 4.8 GeV and for the values of the renormalization and factorization scales we have kept the default choice in POWHEG, that is the heavy-quark transverse mass in the QQ reference frame [30] . For pp events we have employed the CTEQ6M parton [42, 17] ; both statistical (error bars) and systematic (gray boxes) errors are displayed. The curves represent the contributions coming from electrons originating from a charm or bottom quark generated by POWHEG with inclusion of transverse broadening. (b) ratio of data to the POWHEG prediction as a function of pT , with (circle) and without (square) inclusion of transverse broadening; the lines represent the best fit to a constant. distribution function (PDF). The total cc and bb production cross sections one gets at RHIC energies (see Table 1 ) are very close to the central values predicted by FONLL [40] . Another important effect to be accounted for in the production cross sections is related to the intrinsic transverse momentum of the initial partons. We have adopted the procedure described in Ref. [41] , which amounts to add to the out-coming heavy quarks a transverse momentum contribution randomly generated from a Gaussian distribution with given variance k 2 T NN . For pp collisions we have adopted the standard value k
In Fig. 1 one can see the invariant differential cross sections of electrons from heavy-flavour decay (see Sect. 2.5 for details about hadronization and decay) in pp collisions at √ s = 200 GeV, compared to the mid-rapidity data from PHENIX [42, 17] 1 . One observes that the pQCD outcome provides a fairly good description of both the shape and the absolute magnitude of the data. In panel (b) of the figure the ratio between experiment and theory is also displayed: this ratio is nearly p T -independent and a best fit with a constant provides for the latter the value 1.12. Given a 10% normalization uncertainty in the data (not shown in the figure) and the previously mentioned uncertainties on the theoretical parameters, a 12% difference between theory and data can be easily accommodated. Accordingly, for sake of simplicity, in the following we have chosen to multiply by this factor all the calculated cross sections at RHIC energies (of course, R AA and v 2 are not affected by cross section normalization). In Fig. 1b we also display the ratio of data to the cross section generated without any transverse momentum broadening: in this case the discrepancy is fairly larger (although still within the experimental and theoretical uncertainties).
In Fig. 2 the invariant differential cross sections of electrons from heavy-flavour decay in pp collisions at √ s = 5.5 TeV are reported: apart from the much larger strength and the less steep slope of the cross sections, one observes that the bottom relative contribution is much more important than at the RHIC energy.
In the case of nucleus-nucleus collisions, there are two important differences one has to consider in connection to the initial heavy-quark distributions. First of all, the nuclear PDF's should be different from the ones employed in pp collisions and, to account for this occurrence, we have adopted here the EPS09 scheme [39] . In principle, the density probed by the colliding partons should depend on the impact parameter b: in describing nucleus-nucleus collisions we have made the simple choice of employing the EPS09 scheme for impact parameters b < 2R and of neglecting nuclear corrections for b > 2R (R being the radius of the nuclear density distribution). The main consequence of using a different PDF in AA and pp collisions relates to the different total (per binary collision) cc and bb production cross sections one gets, as one can see in Table 1 . Indeed, since in a binary process the longitudinal momentum fraction carried by the two initial partons (most of the times gluons) is given by [43] 
M QQ and y QQ being the invariant mass and rapidity of the QQ pair, one can get larger or smaller cross sections in AA collisions, at different energies and quark masses, depending upon whether one is probing the anti-shadowing or shadowing regions. For instance, at RHIC energy, because of the large bottom mass, the main contributions come from relatively large values of x, where anti-shadowing dominates -hence a larger bb cross section per binary collision results -whereas at LHC energies one is mainly probing the low x shadowing region, yielding smaller cross sections. This fact has sizable consequences on R AA , as we shall see later.
A second difference one has to cope with in AA collisions concerns the larger transverse momentum acquired on average by the colliding partons, because of the large size of the traversed medium. To get a realistic estimate for k 2 T AA in nucleus-nucleus collisions we have adopted a Glauber approach -developed in Refs. [44, 45] in order to study the p T distribution of charmonia produced in proton-nucleus and nucleus-nucleus collisions [46] -and we have generalized it to study the inclusive single-quark spectra. Details of the procedure can be found in Appendix A. One gets an average squared transverse momentum that depends not only on the impact parameter of the collision and on the nuclei involved, but also on the transverse position of the QQ pair. To get an orientation on the magnitude of the quantities involved, we mention that at RHIC energy one gets, depending upon the impact parameter, average values of k Finally, for AA collisions, since we are following in the Langevin framework the space-time propagation of an ensemble of heavy quarks, we have also to specify their space-time distribution at the onset of the hydrodynamical evolution of the background medium. This we do consistently with the choice discussed below for the initial conditions of the hydrodynamic equations. Namely, at the initial proper time τ 0 the position of the heavy quarks in the transverse plane is calculated in a Glauber framework according to a distribution generated by the nuclear overlap function T (x + b/2, y)T (x − b/2, y), where
ρ being a Fermi parameterization of the nuclear density [47] and b the impact parameter. In the longitudinal direction we set z = τ 0 sinh η s , with
Hydrodynamic evolution at RHIC and LHC
Hydrodynamics has been successfully applied to the description of collective phenomena in heavy ion collisions at RHIC, yielding a sensible description for a number of experimental observables. For our purposes, hydrodynamics provides the full space-time evolution of the properties of the expanding medium -such as temperature, flow velocity and energy density -that are needed to follow the propagation of the heavy quarks. We have chosen two different implementations of the relativistic hydrodynamic equations, whose codes are publicly available, namely ideal [32, 33, 34] and viscous [35, 36, 37] hydrodynamics, both assuming exact longitudinal boost invariance. The two models differ not only in the ideal/viscous implementation (with the ratio of shear viscosity to entropy density taken to be η/s = 0.08 in the viscous case), but also in the choice of the equation of state (EOS) and of the initial conditions. By comparing the results obtained in the two scenarios one can get an estimate of the amount of uncertainty due to the treatment of the background medium. The initial energy density distribution is computed in both cases according to the Glauber model, using either the number of participating nucleons (N part ) or the number of binary collisions (N coll ). In the ideal model [32] the distribution has been ascribed for the 75% to "soft" Table 2 . Values of the initial proper time τ0, central entropy density s0 and central temperature T0 employed as initial conditions for the hydrodynamical evolution. processes scaling as N part and for the 25% to "hard" processes scaling as N coll ; in the viscous model the initial energy density is proportional to N coll . Concerning the EOS, in the ideal case it is obtained by matching, through a Maxwell construction, a gas of hadron resonances with an ideal gas of massless quarks and gluons; this model yields a first order transition at T crit = 164 MeV. In the viscous case, one employs the more realistic EOS of Ref. [48] , which implements a crossover between a low temperature hadron-resonance gas and a high temperature pQCD calculation.
The initial proper time τ 0 is one of the parameters of the hydrodynamical model: at the conditions of RHIC, the values τ 0 = 0.6 fm and τ 0 = 1 fm have been chosen by the authors in the ideal [32] and viscous [36] cases, respectively. Since the value of τ 0 has some impact on the final heavy quark spectra (a lower value provides a longer propagation and exposes the heavy quark to higher temperatures), we have also explored a scenario with a very small value of τ 0 , by adjusting the maximal initial entropy density s 0 (hence, through the EOS, the corresponding initial energy density) in such a way to maintain the same particle density, using the relation
At the LHC regime, on the other hand, a full experimental constraint is not available yet (although first data on particle density at mid-rapidity are becoming available at √ s = 2.76 TeV [49] ). Here we have followed Refs. [50, 51] (ideal) and Ref. [37] (viscous), where the initial conditions have been fixed in order to match, instead of the experimentally observed multiplicities, the range of the predicted ones. Our set of initial conditions is summed up in Table 2 .
As an example of the differences among the various hydrodynamical scenarios that we have employed, in Fig. 3 we display the temperature and the energy density at the center of the fireball during the hydrodynamical evolution for a few cases of semi-peripheral collisions. For every experimental setup, at RHIC and LHC, we have reported the scenarios giving rise to the lowest and to the highest temperatures attained during the evolution.
Langevin dynamics in a relativistic fluid
We wish to follow the propagation of c and b quarksinitially produced in hard pQCD processes -in the expanding, thermalized fireball of deconfined matter that one expects to arise from a high energy heavy ion collision. The propagation of the heavy quarks in such a hot environment is modeled as a Brownian motion by employing a relativistic Langevin equation [21, 23, 24, 26] : our implementation of the model has been discussed in detail in a previous paper [22] , where we dealt with the simpler case of a static homogeneous medium at rest. Here, we briefly summarize the essential points of model. The energy density at the center of the fireball during hydrodynamical evolution for the same scenarios.
The evolution with time of the momentum of a relativistic Brownian particle is provided by the Langevin equation:
where the drag coefficient η D (p) describes the deterministic friction force acting on the heavy quark, whereas the term ξ accounts for the random collisions with the constituents of the medium. The effect of the stochastic term is completely determined once its temporal correlation function is fixed. The latter is usually assumed to be given by
entailing that collisions at different time-steps are uncorrelated. The tensor b ij (p) can be decomposed with a standard procedure according to
in terms of the coefficients κ L/T (p), which represent the squared longitudinal/transverse momentum per unit time exchanged by the quark with the medium. It is useful to introduce the related tensor
which allows one to factor out the momentum dependence of the noise term in Eq. (5), thus obtaining the equation
Finally, the drag coefficient η D (p) is fixed in order to ensure the approach to equilibrium: for large times the momenta of an ensemble of heavy quarks should be described by an equilibrium Maxwell-Jüttner distribution. Actually, the whole procedure depends on the discretization scheme employed in the numerical solution of Eq. (9), which belongs to the class of the stochastic differential equations [52, 53] . In the Ito discretization scheme one gets:
where v is the quark velocity, E its energy and T the medium temperature.
The set of Eqs. (8-11) is defined in the rest frame of the background medium and it allows one to study the quark propagation once the transport coefficients are given. These depend on the medium temperature, which in turn, in the expanding fireball, depends on the space-time position occupied by the heavy quark. Hence, to study the fate of a heavy quark through the quark-gluon plasma, we adopt the following procedure:
-We determine the initial four-momentum p µ and the initial space-time position x µ of the heavy quark (in the laboratory system) as explained in Sect. 2.1.
-Given the position x µ , we use the information from the hydrodynamic simulation (Sect. 2.2) to obtain the fluid local temperature T (x), velocity u µ (x) and energy density ε(x).
-We check (see Sect. 2.5) whether the conditions for hadronization apply: in this case the procedure is ended; otherwise -we make a Lorentz transformation (p µ →p µ ) to the fluid rest frame, employ Eqs. (8) (9) (10) (11) to update the quark momentum (p µ →p ′µ ) and boost it back to the laboratory (p ′µ → p ′µ ).
-We update the space-time step made by the quark in the rest frame (∆x µ = (p µ /Ep)∆t), boost it to the laboratory (∆x µ → ∆x µ ) and use it to update the quark position (x µ → x ′µ ).
-Given the new momentum p ′µ and the new position x ′µ the procedure is started again until the conditions for hadronization are met.
The time step in the rest frame, which enters in updating the quark position and also the quark momentum through the Langevin equation, in our calculations has the value ∆t = 0.02 fm.
Heavy-quark transport coefficients
In the approach to stochastic dynamics based on the (relativistic) Langevin equation, the information on the properties of the medium crossed by a Brownian particle is encoded in the drag and momentum-diffusion coefficients η D and κ T /L . Following the random motion of the heavy quarks in the QGP requires then the calculation of the above coefficients, starting from the microscopic theory, i.e. finite temperature QCD. In accord with Refs. [19, 20] , we accomplish this task by separating soft and hard collisions depending upon the value of the Mandelstam variable t ≡ ω 2 − q 2 that characterizes the elementary scattering, and summing at the end the two contributions 2 . Soft scatterings -corresponding to |t| ∼ gT -occur quite frequently, with a typical mean free path λ
Being related to the exchange of long-wavelength gluons, they require a careful treatment of medium effects, which can be achieved by describing these soft collisions within the HTL approximation. Hard scatterings -corresponding to |t| > ∼ T -are more rare, the mean free path being in this case λ hard mfp ∼ 1/g 4 T , but, since they cause a sizable momentum exchange, their contribution to the transport coefficients is substantial and will be evaluated, as already mentioned, within a microscopic kinetic calculation based on pQCD. We set |t| * ∼ m 2 D , m D being the Debye mass, as the intermediate cutoff. Clearly, the final results should not be too much affected by the choice of |t| * and we have verified that this is actually the case, even for temperatures of experimental interest, where the coupling is not really small.
The coupling constant g has been chosen to run according to the two-loop QCD beta-function, with Λ QCD = 261 MeV, as in Ref. [54] . The coupling constant displays a strong dependence on the unknown value of the temperature dependent scale µ ∝ T and this has important consequences on the final observables, as we shall see in the following. To shed light on this important issue, we shall explore the effect on the calculated quantities for a wide range of values, πT ≤ µ ≤ 2πT .
Soft collisions: hard thermal loops
The contribution of soft collisions to the transport coefficients has already been obtained in our previous work [22] , to which we refer for details. However, due to our choice of setting |t| * as an intermediate cutoff, it is necessary to rewrite the formulas in Ref. [22] for κ T /L employing |t| ≡ q 2 − ω 2 and x ≡ ω/q as integration variables. One gets:
2 Note that this differs from what is usually done in the literature (see, e.g., Ref. [18] ), where the separation between hard and soft scatterings is related to the spatial momentum q exchanged in the collision. Fig. 4 . The tree level diagrams for the hard scattering of a heavy quark off a light (anti-)quark of the thermal bath and for the hard scattering (in the t, s and u channels) of a heavy quark off a gluon.
and
for the transverse and longitudinal momentum diffusion coefficients, respectively. In the above, v is the quark velocity, C F = 4/3 the quark Casimir factor and
where ρ L/T are the continuum parts of the HTL gluon spectral functions:
Hard collisions: perturbative QCD
The contribution from hard collisions to the transport coefficients κ T /L can be calculated starting from their microscopic definition, namely
and by weighting the interaction rate with the squared transverse and longitudinal momentum exchanged in the collisions with gluons and (anti-)quarks of the medium.
where (employing the notation 
In the above expressions,
contribution provided by all the flavours of light quarks and anti-quarks in the medium. The squared amplitudes M g/q 2 defined in such a way can be obtained starting from the results given in Ref. [29] and their expressions are reported in Appendix B. The quark contribution is then obtained by squaring the corresponding amplitude in Fig. 4 , given by a simple gluon exchange in the t-channel. The gluon contribution is more cumbersome and requires squaring the sum of the t, s and u-channel diagrams in Fig. 4 .
Charm and bottom transport coefficients
In this section we display the outcome of our calculation of the heavy quark transport coefficients in the QGP and compare our results with previous findings for the same coefficients available in the literature [22, 23, 24, 25] .
As we have already mentioned, following the heavyquark stochastic propagation in the hot environment produced in heavy ion collisions requires the knowledge of the corresponding transport coefficients for a range of temperatures from T ∼ T c (where actually we expect our weak-coupling approach to underestimate their value) up to T ∼ 1 GeV (for the case of the LHC scenarios with the highest initial energy-density).
In Fig. 5 we show our findings for κ T /L (p) for c and b quarks, at the temperature T = 400 MeV; the coupling g has been evaluated at the scale µ = (3/2)πT . Two important features are apparent in Fig. 5 : the larger growth with the momentum p of κ L (p) with respect to κ T (p) and the very mild sensitivity to the value of the intermediate cutoff |t|
This last finding occurs in spite of the fact that, at the experimentally accessible temperatures, the coupling is not small. Such an occurrence supports the validity of the adopted approach.
A deeper insight can be gained by looking at Fig. 6 , where we plot separately the soft and hard contributions to κ T (p) and κ L (p) for the case of c quarks.
We finally compare our results for the heavy-quark transport coefficients to the ones obtained using other models. We start with our previous work [22] , where the HTL approximation had been applied to any value of the momentum exchange, up to a cut-off q max . Results for c and b quarks are shown in Fig. 7a and compared with the present, more realistic, treatment. The major difference one observes is in the growth of κ T (p) with p, which is faster in the pure HTL approach.
In Fig. 7b we summarize the outcomes of several models which can be found in the literature: the present approach (pQCD+HTL), the pure HTL result [22] and the findings of Refs. [23, 24, 25] . In the approach of Ref. [23] , the coefficients are obtained from a kinetic pQCD calculation, with the value of κ(p = 0) tuned by hand in order to explore both strongly and weakly-coupled scenarios. In Ref. [24] the mechanism responsible for the heavy-quark thermalization is resonant scattering, with the temporary formation of finite-width D-mesons in the plasma. The authors of Ref. [25] , on the other hand, resort to an effective running coupling constant and to a value of the Debye mass lower than the thermal QCD prediction. Notice how all the models based on pQCD tend to favor small-angle scattering. and µ = (3/2)πT ) to the outcomes of several models [22, 23, 24, 25] for the transport coefficients κ T /L (p) at T = 200 MeV.
Hadronization and decay
The conversion of the heavy quarks into hadrons requires two distinct steps: first, one has to decide when the quark is going to hadronize and then to apply a specific model for the transition. In the ideal hydrodynamics model of Refs. [32, 33, 34] a first order phase transition occurs at the temperature T c = 164 MeV, lasting for a couple of fm and during which the energy density drops from ε QGP = 1.65 GeV/fm 3 to ε H = 0.45 GeV/fm 3 . In the viscous hydrodynamics model of Refs. [35, 36, 37] , on the other hand, a more realistic crossover, slightly faster because of viscosity, is employed. In Fig. 8 we display the energy density in the center of the fireball around the QGP/hadron-matter transition for a few hydrodynamical scenarios. The dotted lines mark the position of ε QGP and ε H : we assume that hadronization is going to take place in this region of mixed phase.
Introducing the fraction of QGP in the mixed phase [26] according to
we stop the Langevin propagation of the heavy quark according to the following prescription:
-we extract the medium energy density at the heavyquark space-time position;
-if f QGP is larger than one, the Langevin propagation is carried on another step; otherwise -we treat 1 − f QGP as a transition probability: given f i QGP -the fraction of QGP at the i-th propagation step -we draw a random number h;
QGP then hadronization has occurred, otherwise a new Langevin step is taken and the procedure repeated at the new position.
In this way the transition from quarks to hadrons is made occur over the whole mixed phase.
Hadronization
Two mechanisms of hadronization should in principle be implemented, namely recombination of the heavy quark with a light quark from the medium and fragmentation. The coalescence approach has been shown to be important in the low momentum part of the spectra at RHIC [24] , say for p T < ∼ 3 GeV/c. In this work, we limit ourselves to let the heavy quarks hadronize by fragmentation, hence our results should be viewed as realistic for relatively large momenta, p T > ∼ 3 GeV/c at RHIC energy. Note, however, that the region where recombination is dominant might change at LHC energies.
Open charm and open beauty hadrons are produced from the charm and bottom quarks via a two-step Monte Carlo procedure. First, the resulting hadron species is assigned according to measured fragmentation ratios. The second step is the Monte Carlo generation of the hadron momenta. This has been done starting from the momentum components (p x , p y and p z ) of the heavy quark out-coming from the Langevin evolution and sampling, from a Peterson fragmentation function [57] , the fraction z of quark momentum that is taken by the produced hadron:
The parameter k has been set in order to have the fragmentation function normalized to 1, while for ε the values 0.04 and 0.005 have been used for charm and bottom quarks, respectively. They have been chosen by comparing the fragmentation function shapes with the ones computed in Ref.
[58] on a pQCD or Heavy Quark Effective Theory basis. To check the effect of the choice of the ε parameter on the resulting nuclear modification factor R AA (see Eq. 23), the whole fragmentation procedure has been repeated four times varying the value of ε in the range yielding a reasonable agreement with the calculation of Ref. [58] . The obtained R AA for open charm and open beauty hadrons as a function of the transverse momentum p T for different choices of ε is shown in Fig. 9 for a specific case of √ s, centrality and hydrodynamical scenario. We have checked that variations of the parameter ε by a factor two results generally in a < ∼ 3% effect on the R AA of open heavy-flavoured hadrons.
Decays of heavy-flavour hadrons into electrons
In order to compare our calculations to the experimental data for the non-photonic single-electron (e ± ) transverse spectra and for the corresponding nuclear modification factor R AA and elliptic flow coefficient v 2 , each charm or bottom hadron originated by the fragmentation of a heavy quark (as described in the previous section), is forced to decay into electrons.
This task is performed by using the decay routines implemented inside the PYTHIA event generator [59] . However, a revised table of the branching ratios for the dominant decay channels of each heavy-quark hadron has been employed, in order to replace the default values which are by now obsolete. Such table has been drawn up by taking the measured values of the branching ratios, as reported on the latest Particle Data Group review [60] .
Only hadronic and semi-leptonic decay channels of charm and beauty hadrons with branching ratio Γ > 10 −4 have been included. Therefore the contribution of each hadron to the final electron spectra has been properly weighted by the corresponding total branching ratio.
In this way, all contributions to the electron yield (i. e., prompt electrons from B → e or D → e decays, and secondary electrons from a cascade process B → D → e) are naturally implemented in our simulation scheme, as well as the additional "background" contribution from the decay chain B → J/ψ → e + e − . Indeed, the latter contribution has been subtracted from the total measured electron yields only in the most recent analyses of the PHENIX data [17] . The electron spectra originated from charm (e c ) and bottom (e b ) decays are then combined into a unique spectrum (e c+b ) with an appropriate weight, which accounts for the corresponding production cross section of the parent heavy quark.
Heavy-flavour spectra in nucleus-nucleus collisions
We have considered two kinematic regimes for high energy heavy ion collisions: Au-Au at √ s = 200 GeV as in the PHENIX experiment at RHIC [16, 17] and Pb-Pb at √ s = 5.5 TeV, the highest energy that should be attained with AA collisions at the LHC.
In the PHENIX experiment the heavy-flavour data have been presented in several centrality classes C 1 -C 2 , corresponding to the fraction of the geometric cross section with impact parameter in the range b 1 < b < b 2 :
where
is the nuclear overlap function and the nuclear profile function in the transverse plane T A (s) is given in Eq. (2). Our calculations are performed for a given impact parameter b, so for every centrality class we have to evaluate an average impact parameter. This can be done by equating the number of collisions in a given centrality class
db b to the number of collisions at a given impact parameter N coll (b) = σ NN T AB (b) [61] . In Table 3 we show the centrality classes and the corresponding impact parameters that we have considered in the present work. At the LHC energy, lacking the experimental data, we have kept a partition similar to the one employed of RHIC.
Differential spectra
In Fig. 10 one can see the invariant yields of electrons from heavy-flavour decays in Au-Au and Pb-Pb collisions, for a specific choice of the hydrodynamical scenario (viscous hydrodynamics with τ 0 = 1 fm) and of the QCD scale factor (µ = 3πT /2). Binary-scaled pp spectra are also shown as dashed lines. We are aware that cross sections are not the best observable for studying the effect of the nuclear medium on the propagation of the heavy quarks; for this purpose the nuclear modification factor is much more suitable. It is however worth noting how the formalism is able to give a fair description of the PHENIX data over many orders of magnitude. Of course, this is also a consequence of the good performance of the pQCD outcome for the heavy quark production in NN collisions, as already discussed in Sect 2.1.
Nuclear modification factor
Let us consider now the nuclear modification factor, R AA (p T ) = dN AA /dp T N coll dN pp /dp T .
In order to explore the effect and the relative importance of those ingredients of the model that are not fully under control, that is the QCD scale factor and the hydrodynamical scenario, it is instructive to start by studying the nuclear modification factor at quark level (R Q AA ) first, which is the one obtained from Eq. (23) by using the spectra before hadronization (keeping the same pseudorapidity window as for the electrons). Thus, in Fig. 11 we display the charm and bottom nuclear modification factors, for the case of viscous hydrodynamics (τ 0 = 1 fm) and minimum bias collisions, at both RHIC and LHC energies. Three choices for the scale factor µ are considered: the strong dependence of R AA upon this parameter is quite apparent. We have not tried to fix the value of µ through a best fit to the RHIC data; however, in the following we employ the value µ = 3πT /2, the one, among those displayed in Fig. 11 , that turns out to be in better agreement at large momenta with the PHENIX data on nonphotonic electrons (see below). Another important effect on R AA can be appreciated by comparing the results at RHIC (panel (a)) and LHC (panel (b)) energies. Indeed, as already mentioned in Sect. 2.1, the elementary QQ production cross sections per binary collision entering into the numerator and denominator of Eq. (23), are not the same, because of nuclear effects. R AA for charm and bottom is then proportional to the ratio of the corresponding production cross sections. From Table 1 it clearly appears that for charm the relative play of shadowing and antishadowing is always giving rise to a quenching factor; for bottom, instead, one gets an enhancement at RHIC and a quenching at LHC (at √ s = 5.5 TeV). In Fig. 12 we display the charm and bottom nuclear modification factors for a fixed value µ = 3πT /2 of the scale factor and several choices for the hydrodynamical scenarios (again for minimum bias collisions at RHIC and LHC). One can see that the uncertainty associated to the treatment of the hydrodynamical evolution of the QGP is quite modest compared to the one due to the heavyquark interactions (Fig. 11) . Specifically, the treatment of the expanding fluid as either viscous or ideal has practically no influence on the heavy-quark propagation. On the other hand, some sensitivity to the choice of the starting time of the hydrodynamical evolution is seen to exist. In fact, earlier times expose the heavy quarks to higher temperatures and give rise to a more pronounced quenching of R AA . At the LHC the ideal scenario with τ 0 = 0.1 fm appears to be somehow in contradiction with the trend displayed by the other cases, showing smaller medium effects for a shorter equilibration time. Note that it might just signal some shortcomings of the hydrodynamical code in a regime where it has received little testing. Up to semiperipheral collisions the effect of an earlier equilibration time is anyway moderate and smaller not only than other theoretical uncertainties, but also than the experimental ones. However, as we shall see below, for peripheral collisions the effect due to the choice of τ 0 turns out to be more important.
In Fig. 13 we display the charm and bottom nuclear modification factors of heavy quarks, open heavy-flavour hadrons and electrons for viscous hydrodynamics (τ 0 = 1 fm), scale factor µ = 3πT /2 and minimum bias collisions at RHIC and LHC. The effect of hadronization and decay can be summed up as a general "softening" of the nuclear modification factor, especially after the decay of B mesons.
In Fig. 14 the results of our calculations of the nuclear modification factor of open heavy-flavour electrons at RHIC (for the case of viscous hydrodynamics with τ 0 = 1 fm and µ = 3πT /2) are compared to the data from the PHENIX experiment [16, 17] in all the centrality classes. Here we display the R AA 's due to the electrons originating either from c-quarks or from b-quarks and their combination, showing also the statistical errors of the calculations. For p T < ∼ 3 GeV/c the data are generally underestimated: this is the region where, as already mentioned, the hadronization mechanism of coalescence has been shown to be important and to give rise to an enhancement of R AA [24] . At larger momenta the calculations turn out to be on the whole in agreement with the data from PHENIX, with an evident contribution from the bottom quarks.
The above considerations are valid in all the centrality classes, except perhaps the most peripheral one (60-92%): here the effect of the medium is expected to be pretty weak and, indeed, our calculation does not show, at low momenta, any underestimation of the data, but rather it overshoots them at intermediate momenta.
In Fig. 15(a) we compare the PHENIX data for the most peripheral centrality class to the outcome of calculations based on different initial times. A reduction of τ 0 from 1 fm to 0.1 fm in all the other centrality classes gives rise to a rather mild effect, well within the theoretical and experimental uncertainties, as one can see, e. g., in Fig. 15(b) for minimum bias collisions. For very peripheral collisions, on the other hand, the highest temperatures associated to earlier equilibration times provides a stronger signature. Note, however, that for this centrality class -where one is moving from a region where the core of the nuclear density distributions is probed to a region where only the tails of the density distributions are involved -the approximation based on the use of an average impact parameter might be less reliable.
In Fig. 16 we display the nuclear modification factor of open heavy-flavour electrons at LHC@5.5 TeV for QCD scale factor µ = 3πT /2 and two choices of the equilibration time. The features of R AA appear to be quite similar to the case of RHIC, except for a larger quenching at small momenta -due in our calculation to the smaller pp over AA ratio of the cc production cross sections -and for a slightly smaller value at large momenta. The choice of the equilibration time, as already discussed, has a mild effect, except perhaps on the most peripheral collisions.
In Fig. 17 the nuclear modification factor of open heavyflavour electrons, obtained by integrating the electron yields above a given transverse momentum, is reported as a function of the number of participants. When the integration range covers most of the spectrum, one should get the ratio of the total electron yields in AA and pp collisions, that is, in practice, the ratio of the respective heavy-quark production cross sections. When only large transverse momenta are selected, one observes the quenching of R AA due to the softening of the heavy-quark spectra by the medium. The calculations are again in fair agreement with the PHENIX data, except, as already noted, for the most peripheral collisions. These, however, represent a real puzzle, since they seem to imply that the strongest medium effects manifest themselves with the highest and the lowest numbers of participants.
Finally, in this study we have also tried to understand the amount of uncertainty introduced by an approximation that is, to our knowledge, always employed in this kind of calculations, i. e. the use of an average impact parameter to represent a given centrality class. In Fig. 18 the minimum bias nuclear modification factor of open heavyflavour electrons at RHIC and LHC is displayed, comparing the results obtained by using a single average impact parameter to those obtained by combining the weighted spectra in all the centrality (sub)classes (0-10%, 10-20%, ...). The effect is not dramatic compared to other uncertainties, especially at LHC, but for an accurate estimate of R AA it will have to be accounted for.
Elliptic flow coefficient
The anisotropy parameter associated to the elliptic flow of the heavy quark is defined as where d 2 N AA /dφdp T is the doubly differential yield of open heavy-flavour electrons, of D and B mesons or of c and b quarks, depending on which observable one is considering.
In Fig. 19 we display the charm and bottom elliptic flow coefficients of heavy quarks, open heavy-flavour hadrons and electrons for viscous hydrodynamics (τ 0 = 1 fm), scale factor µ = 3πT /2 and minimum bias collisions at RHIC and LHC. In a momentum range up to a few GeV/c the heavy quark v 2 is represented by a growing function of p T . Since, as already noted, hadronization and decay to electrons produce a softening of the respective spectra, the net result is a stronger anisotropy of B/D mesons with respect to c/b quarks and an even stronger one for the open heavy-flavour electrons. At the LHC energy one gets larger elliptic flow coefficients, especially the bottom contribution.
In Fig. 20 we display the total v 2 of open heavy-flavour electrons for minimum bias events at RHIC and LHC. The calculation at RHIC energy is compared to the data from PHENIX, which, however, are available only up to p T ≈ 4 GeV/c. Our results for τ 0 = 1 fm underestimate the data for p T < 3 GeV/c, as they also do in the case of the nuclear modification factor. The already mentioned coalescence mechanism for the hadronization process is known to be important in this momentum region and to provide an enhancement of both R AA and v 2 [24] . Note, however, that an earlier equilibration time gives rise to an anisotropy parameter closer to the data. At the LHC energy, one observes a stronger anisotropy for the exclusive c and b contributions, while the effect due to the choice of τ 0 turns out to be milder.
Summary and conclusions
In this work we intended to provide a consistent study of the stochastic dynamics of heavy quarks (c and b) in the hot environment formed in high-energy heavy-ion collision experiments. The background medium has been taken as a fluid (the QGP locally in thermal equilibrium), whose evolution is governed by relativistic hydrodynamics, while the interaction of the heavy quarks with the plasma has been treated within a weakly-coupled framework.
To accomplish this programme one has to evaluate the relevant transport coefficients (accounting, in our case, for the squared momentum acquired per unit time) characterizing the dynamics of the heavy quarks coupled to the medium. We have done this by summing the contributions of soft and hard collisions in the plasma. The first ones have been described in the HTL approximation, while the latter have been treated within a kinetic pQCD calculation. The propagation of the heavy quarks in the expanding plasma has been described by a relativistic generalization of the Langevin equation.
When the hydrodynamical evolution of the QGP has reached the region of energy density where the quark to hadron transition may occur, the heavy quarks are let hadronize and eventually decay into electrons: in fact, their spectra at RHIC are so far the only source of information on the heavy-flavour dynamics in the QGP (while waiting for the forthcoming open-charm analyses at RHIC and LHC). Results have been presented for the invariant single-electron spectra, for the nuclear modification factor R AA and for the elliptic flow coefficient v 2 .
The main goal of our work has been first of all to provide of a fully consistent weakly-coupled calculation (accounting for medium effects at the lowest non-trivial order), to be viewed as a benchmark for more advanced studies or less conventional scenarios. Nevertheless, the overall degree of agreement with the current experimental data looks quite satisfactory, suggesting that the actual values of the heavy-quark transport coefficients might be not too different from what predicted by a weak coupling approach. In particular, for large enough values of p T (say p T > ∼ 3 GeV/c), it has been possible to reproduce the experimental quenching of the single-electron spectra for any centrality class (except perhaps the most peripheral events, which will be discussed in more detail in the following). On the other hand, at low p T ( < ∼ 3 GeV/c) our results for R AA are consistently below the data, predicting too much quenching. This outcome might be a consequence of the implemented hadronization scheme, where we have accounted only for the fragmentation mechanism (which entails a degradation of the heavy-quark momentum). Hadronization through coalescence with light partons of the medium could help in getting closer to the experimental data. Hadronization represents therefore an important source of systematic uncertainty for moderate values of p T .
Concerning the sensitivity to the properties of the background medium, in general we have found a rather mild dependence on the hydrodynamical scenario (ideal or viscous, with different choices of τ 0 ) used to describe the plasma, except for the most peripheral events, which deserve some separate comments. Quite surprisingly, though with large error bars, experimental data on heavy-flavour electrons from RHIC display a sizable quenching of the p Tspectra even in the 60 − 92% centrality class. As shown in Sect. 3.2, employing a value of τ 0 ∼ 1 fm, as often done in hydrodynamical simulations at RHIC energy, would lead to R AA ∼ 1, thus essentially showing the absence of medium effects. On the other hand, assuming a much faster thermalization, by setting τ 0 = 0.1 fm, it is possible to get much closer to the data. Notice that with such a small value for the equilibration time it is also possible to reach a slightly more satisfactory agreement with the elliptic flow v 2 measured for heavy-flavour electrons at RHIC. At the present stage we cannot draw any definite conclusion on this point and we leave it as an open issue for future investigation.
Besides analyzing the RHIC data, we have also provided predictions for LHC (at the highest energy that should be reached, √ s N N = 5.5 TeV). In the absence of experimental data to constrain the properties of the background medium, we have explored some of the possible hydrodynamical scenarios proposed in the literature. As a general outcome, charm is found to display a stronger quenching and a much larger elliptic flow with respect to RHIC. Also the spectra of bottom are more suppressed and characterized by a modest elliptic flow. However, in the combined electron spectra (e c+b ), due to the larger relative weight of the b contribution, differences between RHIC and LHC are less evident. The possibility by the ongoing experiments of identifying the separate contribution of charm, by looking at its hadronic decay channels, will certainly increase the amount of information on the heavy-flavour dynamics provided by the data. Heavy-ion collisions at LHC are presently being performed at the NN center-of-mass energy √ s N N = 2.76 TeV: work is in progress in order to analyze, within the framework presented in this article, also this kinematical setup.
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A Transverse momentum broadening of heavy quarks in nucleus-nucleus collisions
As explained in the text, our procedure to account for the transverse momentum broadening in a collinear collision consists in adding, to the heavy quarks generated in each event, a transverse component randomly chosen according to a Gaussian distribution [41] g(k T ) = 1 π k 2
As already mentioned, for pp collision the typical value of k 2 T NN is 1 GeV 2 /c 2 . Let us now consider a collision between the nuclei A and B at impact parameter b, in which a QQ pair is produced in a hard event occurring at position s in the transverse plane (measured with respect to the center of nucleus A) and at the longitudinal coordinates (measured in the rest frames of the respective nuclei) z A and z B . The heavy-quark pair will be produced by partons (mainly gluons) that have already crossed a certain thickness of nuclear matter, thus having acquired some transverse momentum. In Refs. [44, 45] the average squared-momentum of the produced QQ heavy meson has been found to be given, neglecting absorption effects, by the expression 
represent the lengths traveled by a gluon of B in nucleus A and vice versa. In Eq. (27) ρ(s, z) is the nuclear density function and ρ 0 is the central nuclear density. The parameter a gN represents the average squared (transverse) momentum per unit length acquired by a gluon in nuclear matter. At the energy of SPS one finds good agreement with the J/ψ data for a gN ≈ 0.08 GeV 2 /fm [46] . Let us now apply the above scheme, developed for charmonia, to the problem of inclusive single-particle spectra. The random transverse momentum kick of the pair reflects the one acquired by the incoming gluons in crossing nuclear matter. It is shared by the two quarks, k
